The present paper is devoted to properties of set-valued stochastic integrals defined as some special type of set-valued random variables. In particular, it is shown that if the probability base is separable or probability measure is nonatomic then defined set-valued stochastic integrals can be represented by a sequence of Itô's integrals of nonanticipative selectors of integrated set-valued processes. Immediately from Michael's continuous selection theorem it follows that the indefinite set-valued stochastic integrals possess some continuous selections. The problem of integrably boundedness of setvalued stochastic integrals is considered. Some remarks dealing with stochastic differential inclusions are also given.
Introduction
The present paper deals with set-valued stochastic integrals defined as some special type of set-valued random variables with values at r-dimensional Euclidean space R r . The first paper dealing with set-valued stochastic integrals is due (according to my knowledge) to B. Boc¸san [3] . Unfortunately, the definition and some properties of such defined integrals are not quite correct. Quite different definitions of the set-valued stochastic integrals have been independently given by F. Hiai [5] and M. Kisielewicz [11] . The set-valued stochastic integrals have been defined there as some subsets of the space L 2 (Ω, X ) of all square integrable random variables with values at a Hilbert space X . In what follows such defined setvalued stochastic integrals are called as functional set-valued stochastic integrals. Unfortunately, the functional stochastic integrals are not decomposable subsets of L 2 (Ω, X ). Therefore, they do not define set-valued random variables with sets of all their integrable selectors equal to the functional set-valued integrals. B.K. Kim and J.H. Kim [7] did not notice that and have defined a set-valued stochastic integral as a set-valued random variable with sets of all its integrable selectors covering with the functional integral defined in [11] . In 2003, E.J. Jung and J.H. Kim have correctly defined in the paper [9] the set-valued stochastic integral by the closed decomposable hull of the stochastic integral defined in [11] . Unfortunately, some properties of such integrals presented in [9] are not true and proofs of some theorems are not correct. Let us note that in Remark 3.4 of the paper [9] the authors not precisely informed on the definitions of set-valued integrals given in [7] and [11] , respectively. They have written there: "Kim and Kim [6] and Kisielewicz [7] [7] understood as a set-valued random variable such that S(I t (F )) = Γ t (F ). In this case (see [8, Theorem 2.3.8] ) such set-valued random variable does not exist because Γ t (F ) is not decomposable. In this paper we shall present the basic properties and some representation theorems for the set-valued stochastic integrals defined by E.J. Jung and J.H. Kim in [9] .
defined a set valued integral I t (F ) by I t (F )(ω) = Γ t (F )(ω)
Throughout the paper we shall deal with a complete filtered probability space P F = (Ω, F , F, P ) with a filtration F = (F t ) t 0 satisfying the usual conditions (see [15] closed and nonempty closed convex subsets of R r , respectively. By a set-valued random variable we mean a closed valued F -measurable multifunction, i.e., a multifunction Z : Ω → Cl(R r ) such that {ω ∈ Ω: Z(ω) ∩ C = ∅} ∈ F for every C ∈ Cl(R r ). If Z(ω) ∈ Conv(R r ) for every ω ∈ Ω then Z will be called convex valued. It can be proved [8 
is said to be square integrably bounded. It is easy to verify that for such set-valued random variables S(Z) is a nonempty closed bounded decomposable subset of L(Ω, F , R r ). It can be proved (see [6] ) that a set-valued random variable Z is integrably bounded if and only if
by dec(C ) we denote the decomposable hull of C , i.e., the smallest decomposable set containing C . The closure of dec(C ) is denoted by dec(C ). If the probability measure P is nonatomic [8, Theorem 2.3.17] 
is itself convex and its closure is convex and sequentially weakly closed. 
On the other hand, for every z ∈ S(Z) and ε > 0 there exist a partition (A k )
Finally, let us observe that for every convex valued and integrably bounded set-valued random variable Z its subtrajectory integrals S(Z) is a convex weakly compact subset of L(Ω, F , R r ). Indeed, it is clear that S(Z) is closed and convex and therefore weakly closed. By integrably boundedness of Z it follows that the set S(Z) is relatively weakly compact. Thus it is weakly compact. It can be proved [8, Proposition 2.3.28] 
Summing up the above remarks we obtain the following result. 
In what follows, by S(Φ) we denote the square integrably subtrajectory integrals of a set-valued stochastic process Φ :
, a set of all measurable and square dt × P -integrable selectors of Φ.
× Ω its square integrably subtrajectory integrals will be still denoted by S(Φ). In this case
If furthermore Φ is convex valued then S(Φ) and S F (Φ) are the convex weakly compact subsets of these spaces, respectively.
Functional set-valued stochastic integrals
is denoted by T F (Φ) and said to be the Aumann functional set-valued stochastic integral of Φ with respect to the Lebesgue measure dt. We have the following properties of the functional set-valued stochastic integrals. 
convex valued then J B (Φ) and dec[ J B (Φ)] are the convex and weakly closed subsets of
follow now immediately from Proposition 1.1. 
1, which together with the last equality implies that
(vi) Let Φ be convex valued and square integrably bounded. Similarly as in the case of (vi) of Proposition 1.2 we can verify that S F (Φ) is a convex weakly compact subset of L 
for every C ∈ F T as j → ∞. Now, for every j, m 1 one has
Hence it follows 
(vii) Similarly as in the case (viii) of Proposition 1.2 we can verify that
. In a similar way we also
S F (Ψ )], which is equivalent to J B (Φ + Ψ ) = J B (Φ) + J B (Ψ ).
(viii) Let Φ be convex valued and square integrably bounded. Assume P is nonatomic. 
By convexity of J B (Φ) and Proposition 1.1 it follows that dec{
J B (Φ)} is convex. Therefore, co[dec{ J B (Φ)}] = cl L 2 (co[dec{ J B (Φ)}]) = dec{ J B (Φ)}. Hence and (vi) it follows that dec{ J B (Φ)} = co[dec{ J B (ϕ n ): n 1}]. 2
Theorem 2.2. Let Φ = (Φ t ) 0 t T and Ψ = (Ψ t ) 0 t T be r-dimensional Itô integrable set-valued processes. Then
(i) if T (Φ) is decomposable, (ii) if Φ is square integrably bounded then T F (Φ) is a bounded subset of L 2 (Ω, F T , R r ). If furthermore Φ is convex valued then T F (Φ) is a convex weakly compact subset of L 2 (Ω, F T , R r ), (iii) dec{T F (Φ)} = L 2 (Ω, F T , R r ) if
and only if Int[dec{T F (Φ)}] = ∅, (iv) if Φ is convex valued and square integrable bounded then T F (Φ) and dec[T F (Φ)] are the convex and weakly closed subsets of
L 2 (Ω, F T , R r ), (v) if (Ω, F , P ) is separable then there exists a sequence (ϕ n ) ∞ n=1 ⊂ S F (Φ) such that T F (Φ) = cl L 2 { T 0 ϕ n t dt: n 1} and dec[T F (Φ)] = dec{ T 0 ϕ n t dt: n 1},(vi)(ϕ n ) ∞ n=1 ⊂ S F (Φ) such that T F (Φ) = cl w { T 0 ϕ n t dt: n 1} and cl w {dec[T F (Φ)]} = cl w [dec{ T 0 ϕ n t dt: n 1}], (
vii) if Φ and Ψ are convex valued and square integrably bounded then T F (Φ + Ψ ) = T F (Φ) + T F (Ψ ), (viii) if Φ is convex valued square integrably bounded and P is nonatomic then there exists a sequence
(ϕ n ) ∞ n=1 ⊂ S F (Φ) such that dec[T F (Φ)] = co[dec{ T 0 ϕ n t dt: n 1}].
Proof. (i) Let u, v ∈ T (Φ) and let ϕ, ψ ∈ S(Φ) be such that u = T (ϕ) and v = T (ψ). For every
(ii) Immediately from Hölder's inequality it follows that E|T (ϕ)| 
If furthermore, Φ and Ψ are convex valued then there are f ∈ S F (Φ) and g ∈ S F (Ψ ) such that
a.s. for every t 0. 
convex valued square integrably bounded and P is nonatomic then there exists a sequence (ϕ
Therefore, by (i) of Proposition 1.2 and the above equalities we get 
Hence and the definition of the integral 
of Ω and a family (ϕ n j (k,m) )
where ·,· denotes the inner product in
for m 
Taking in particular ε = 1/r for r 1 we obtain a sequence (z r ) ∞ r=1 of co[dec{
But by (viii) of Theorem 2.1 and the definition of 
On the other hand, by the properties of sequences (φ n ) ∞ n=1 and
converges weakly to
The authors of the paper [9] did not notice that the above number k ∈ [1, m j (n)] depends on ω ∈ Ω and should be selected for every ω ∈ Ω such that ω ∈ A m j (n)
. We do not know the properties of the mapping
(s, ω) ∈ R. Therefore, in particular, we do not know if this mapping belongs to S 2 (F (t)) and if the last Itô integral exists. 2
In a similar way as above we can prove the following theorem. Theorem 3.2. Let Φ = (Φ t ) 0 t T and Ψ = (Ψ t ) 0 t T be the r-dimensional Itô integrable set-valued processes on P F . Then 
By (v) of Theorem 2.1 we have S(
Hence and the first inequality the result follows. In a similar way (iii) can be verified. 2
Remark 3.2. The authors of the paper [8] in the proofs of Theorem 3.7, Theorem 3.9 and Theorem 3.14 of this paper instead of the equality
have applied the equality of the form
Unfortunately it is not true because sup{E| 
Now from Michael's continuous selection theorem and the properties of subtrajectory integrals of the set-valued stochastic integral t 0 Φ τ dB τ we get the following continuous selection theorem. 
Proof. which have to be satisfied for every 0 s t T by a system (P F , x, B) consisting of a complete filtered probability space P F with a filtration F = (F t ) 0 t T satisfying the usual conditions, an r-dimensional F-adapted continuous stochastic process x = (x t ) 0 t T and an m-dimensional F-Brownian motion B = (B t ) 0 t T on P F . Such systems (P F , X, B) are said to be weak solutions of SDI(F , G). If μ is a given probability measure on β(R d ) then a system (P F , x, B) is said to be a weak solution of the initial value problems SDI(F , G, μ) if it satisfies (5.1) and P x −1 0 = μ. If apart from the set-valued mappings F and G we have also given a filtered probability space P F and an m-dimensional F-Brownian motion B on P F then a continuous F-adapted process x such that the system (P F , x, B) satisfies (5.1) is said to be a strong solution of SDI(F , G).
Similarly, the strong solution of (5.2) can be defined.
Apart from stochastic differential inclusions we can consider stochastic functional inclusions SFI (F , G) and SFI(F , G) respectively, which have to be satisfied for every 0 s t T by systems (P F , x, B ) defined above. Such systems (P F , x, B) are also said to be weak solutions of SFI (F , G) and SFI(F , G) , respectively. Similarly as above we can define strong solutions of SFI (F , G) and SFI(F , G) .
It is clear that every weak solution of SFI(F , G) is a weak solution of SDI(F , G). But there are some problems with investigations of the properties of sets of all weak solutions of SDI(F , G), because in the general case the Itô set-valued stochastic integrals are not integrably bounded. Properties of solutions sets of SFI(F , G) have been investigated in the author's paper during last ten years. In particular in [13] it was proved that for some multivalued mappings F and G the set X μ (F , G) of all weak solutions of SFI(F , G, μ) with an initial distribution μ is weakly compact with respect to the convergence in distributions, i.e., the set X P μ (F , G) of all distributions of all continuous processes defining weak solutions belonging to X μ (F , G) is a compact subset of the space M(C T ) of all probability measures defined on the Borel σ -algebra of the space
. This property of the set X μ (F , G) is very useful in the stochastic optimal control theory. It can be also applied (see [14] ) for solving some problems of partial differential inclusions.
